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In this review article we consider three most important sources of the gravitational field of the Early Universe:
self-interacting scalar field, chiral field and gauge field. The correspondence between all of them are pointed out.
More attention is payed to nonlinear scalar field source of gravity. The progress in finding the exact solutions
in inflationary universe is reviewed. The basic idea of ‘fine turning of the potential’ method is discussed and
computational background is presented in details. A set of new exact solutions for standard inflationary model and
conformally-flat space-times are obtained. Special attention payed to relations between ‘fine turning of the potential’
and Barrow’s approaches. As the example of a synthesis of both methods new exact solution is obtained.
PACS: 98.80+12.25
1. Introduction
One of the most promising recent achievement in the
physics of the Early Universe is Inflationary Cosmol-
ogy. The inflationary Universe became now an integral
part of the hot Big Bang scenario and solved its long
standing problems such as horizon, flatness, homogene-
ity [1]-[5].
To describe the gravitational field of the very Early
Universe, in general case, we can consider the model
with the action
S =
∫ √−gd4x{LG + LM + LInt}. (1)
where LG = R+2Λ2κ ,LInt describes the interaction of a
gravitational field to matter, LM being the lagrangian
density of matter. Henceforth we put LInt = 0.
It was realized [1],[4] that during inflationary stage
the source of the gravitational field was gauge and
Higgs fields described by the Grand Unified Theory
(GUT). This model can be described by the the la-
grangian
LM = − 1
γ
{1
2
GaµνG
aµν +Dαϕ
aDαϕa + V (|ϕ|)} (2)
In the relation (2) Gaµν = ∂µW
a
ν−∂νW aµ+efabcW bW c, fabc
being a structure’s constants of a gauge group for the
Yang-Mills field W aµ , Dµϕ
a = ∂µϕ
a+efabcW
b
µϕ
c being
the covariant derivative, ϕa being the Higgs field.
The potential can be taken in the form V (|ϕ|) =
λ
4
(ϕaϕa − F 2)2 , where F = 〈|ϕa|〉 6= 0 being the
vacuum average of the field.
The action (1)-(2) leads to the system of Einstein-
Yang-Mills-Higgs equations. To solve this self-consistent
system is the real problem even under assumption
about the symmetry. Therefore in inflationary scenar-
ios it was used an effective model of a scalar field φ
with the potential of self-interaction V (φ) for the sake
of simplicity [2]. The action for ‘standard inflationary
model’ reads
S =
∫ √−gd4x{LG + 12φ,iφ,kgik − V (φ)}. (3)
Recently it was proposed so-called chiral inflationary
model based on a nonlinear sigma model (NSM) with
the self-interacting potential [6]. The action for this
model can be presented as
S =
∫
M
√−gd4x{LG+1
2
hAB(ϕ)ϕ
A
,iϕ
B
,kg
ik−W (ϕ)}(4)
Here (M, gik(x)) being a space-time, (N , hAB(ϕ)) be-
ing a target space, ϕ = (ϕ1, ..., ϕn), ϕAk = ∂kϕ
A = ϕA,k.
The model (4) can be considered as generalisation
of standard inflationary model (3) and in special case
can be reduced to it. Namely, let us introduce new
scalar field Φ and a potential V˜ (Φ) which satisfy the
relations
Φ,iΦ,k = hABϕ
A
,iϕ
B
,k (5)
V˜ (Φ) = W (ϕC) (6)
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To realize the reduction above we have to restrict the
metric of the chiral space hAB . Differentiating by co-
ordinates xi and xk the relation (6) and then using
(5) one can obtain the restriction on hAB :
hAB =
∂W
∂ϕA
∂W
∂ϕB
(∂V˜
∂Φ
)−2
,
∂V˜
∂Φ
6= 0. (7)
Thus the chiral inflationary model (4) can be reduced
to the standard inflationary one (3) by virtue of the
relations (5)- (6).
We can obtain as well the relation between GUTs
(1)-(2) and chiral inflationary model (4). The model
(4) can be obtained from (1)-(2), if we put Wµ = 0 and
hAB = diag[1, 1, . . . , 1]. The last expression means
that the target space are postulated to be an euclu-
dian one. Thus the chiral inflationary model does not
only simple reduction from GUT but it is the gener-
alisation of a Higgs sector by virtue of the change the
eucludian space by riemannian target space. It worth
note one more interesting feature of the chiral infla-
tionary model (4). Namely the field equations
1√|g|∂i(
√
|g|ϕ,iA)− ΓC,ABϕB,iϕC,kgik −
∂W
∂ϕA
= 0 (8)
contain an additional term (the second one) which
came from the intrinsic geometry of the target space.
In standard inflationary models (3) based on self-
interacting scalar field theory a similar term have been
inserted by fenomenological way from quantum prop-
erties [7]. Moreover it is well known the direct relation
between the NSM with special symmetry and gauge
theories (see, for example, [8]).
The exponential expansion of the Universe has been
found by G.Ivanov [9] for a nonlinear scalar field with
the potential V (φ) = µ
2
φ2 − λ
4
φ4 in the framework
of spatially-flat Friedmann-Robertson-Walker (FRW)
spaces and has been interpretated as the Universe
started from a quasi-vacuum state of matter. Ivanov’s
solution has been obtained before the work by A.Guth
[1] where the inflationary solution has been obtained
with V (φ) = const .
Exact solutions of the power law inflationary type
have been obtained for Liouville non-linearity V (φ) =
me−λφ [10] (see also [11] and references quoted therein).
The Liouville-type and some other non-linearities have
been investigated and some exact and asymptotic so-
lutions are presented in [12]. Classical de Sitter type
solutions was obtained in [13]. New classes of exact
solutions have been found in [14] by taking the scalar
field as the function of time φ = φ(t) and then deter-
mining the evolution of the expansion scale factor K(t)
and the potential V (φ(t)) from it. This approach was
applied in works [15],[16] as well.
Nevertheless approximations and numerical inves-
tigations are used in a large number of inflationary
scenarios because of the difficulties in obtaining the
exact solutions for inflationary models. The slow-roll
approximation is the most common in use [3].
In [17],[18] the exact solutions have been obtained
by taking, first, the scalar factor as the function of time
K = K(t) and then determining the evolution of the
potential V = V (t) and the evolution of a scalar field
φ = φ(t), the dependence between V and φ being, in
general, parametric one. This approach called as the
method of ‘fine turning of the potential’ [18].
Another point have been presented in [19], where
exact general solutions were found for a single scalar
field interacting through an exponential potential in
the framework of background field equations for the
Arnowitt-Deser-Misner (ADM) formalism. Approxi-
mate analytic solutions for slowly evolving multiple
scalar fields are obtained also. The Hamilton-Jacobi
theory for long-wavelength inhomogeneous universes
are investigated in [20] in the framework of ADM for-
malism. Exact inhomogeneous solutions for Yang-Mills
field minimally coupled to gravity have been obtained
in [21].
In this review article we give the basic idea of a
new insight on the potential of self-interaction. Using
further development of ‘fine turning of the potential’
method [18] we obtain new exact solutions in the case
of the conformally-flat spaces. The difficulties of ob-
taining the exact solutions for self-gravitating massive
scalar field are pointed out. The set of generalised Bar-
row’s solutions [14] is obtained.
2. The effective self-interaction
potential
The original inflationary scenario [1] as well as its first
modifications [4],[5] are connected with the effective
theory of self-interacting scalar field φ , minimally cou-
pled to gravity, with the action (3)
As a rule the standard inflationary model (3) is
analysed in the framework of the Friedmann-Robertson-
Walker metric
dS2 = dt2−K2(t)
(
dr2
1− ǫr2+r
2(dθ2+sin2 θdϕ2)
)
.(9)
Here ǫ = −1, 0,+1 corresponds to open, spatially-flat
and closed Universe respectively.
A very important role in inflationary scenarios be-
longs to the effective potential of self-interaction V (φ).
The form of the V (φ) reflects the physical phenomenon
at the very early Universe: cosmological phase transi-
tions and the symmetry restoration at high tempera-
tures T in GUTs. It is well known that the form of
a potential is changed while phase transitions occur
and a temperature increase [2],[3]. The potential de-
pends on the temperature and this dependence is due
to quantum one-loop corrections in finite temperature
field theory.
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Thus the form of the effective scalar potential de-
pends on the type of a field theory, we put into a
physical basis, and tends to change when physical phe-
nomenon occur in the development of a cosmological
time t .
One more restriction on the form of the potential
V (φ, T ) came from the fine turning procedure [24].
Let us consider as an example the situation with the
Coleman-Weinberg potential [25]
V (φ) = Aφ4{ln( φ
2
M2
+ c)}, (10)
predicted by the SU(5) GUT, and the fine turning
of the potential (10). Here M is an arbitrary renor-
malization mass and is a constant of order unity. It
is happened that the potential (10) is unsuitable for
matching the SU(5)- invariant GUT (with the A ∝
e4 > 10−2 ) with the observed rate of the density per-
turbations δρρ (which needs A < 10
−12 ). To improve
the situation Shafi and Vilenkin [24] took into consid-
eration the three-level potential
V (φ,Φ, H5) =
1
2
a(TrΦ2)2+ 1
2
bTrΦ4+α(H+5 H5)TrΦ
2+
1
4
λ(H+5 H5)
2+
1
4
λ1ϕ
4− 1
2
λ2ϕ
2TrΦ2+λ3φ
2H+5 H5,(11)
containing the adjoint and fundamental Higgs fields
Φ and H5 in addition to the inflationary field φ . It
should be mentioned here, that in [24] the kinetic
terms from Φ and H5 did not include in the model.
This shortage has been avoided in the multiple [26]
and double-field inflationary models [27]. Let us also
mention the concrete high energy physics phenomenon
which use double-field model with the potential, con-
taining cross-interaction [28] 1
2
νϕ2ξ2 .
V (ϕ, ξ) = 1
2
m2ϕϕ
2 +
1
4
λϕϕ
4 − (12)
1
2
m2ξξ
2 +
1
4
λξξ
4 + 1
2
νϕ2ξ2.
Thus we can see a tendency of changing the shape
of the potential V (φ, T ) if one needs to correct the
inflationary scenario.
Summarising above we can come to the conclusion,
that the form of the effective potential V (φ) does not
fix and is subjected to change with the evolution of
the Universe. Put into basis possible variations of the
V (φ(t)) we can present a new insight on the problem of
obtaining the exact solutions for inflationary models.
Namely, what kind of the V (φ(t)) admits the exact
solutions with an exponential or power law expansion
of the FRW Universe? The answer to this question will
give us an explicit form of the potential which leads to
the given rate of the expansion of the Universe. The
next step should be to find an appropriate theory of
matter which will be more close to the obtained form
of the potential. We will not discuss the last problem
here and will pay attention to the way of construction
the V (φ) in the next section.
3. The method
The system of Einstein’s and nonlinear scalar field
equations, corresponding to the model (9) in the FRW
spaces (10), reads
K44
K
+
2K24
K2
+
2ǫ
K2
= −Λ + κV (φ), (13)
−3K44
K
= Λ + κ(φ24 − V (φ)), (14)
φ44 + 3
K4
K
φ4 +
dV (φ)
dφ
= 0. (15)
These equations present the standard inflationary model.
To obtain new class of exact solutions we will use
a freedom in the choice of a potential’s form.
Considering the equations (13)-(15) one can find
that the last equation (15) is the differential conse-
quences of (13) and (14). Really, to prove this fact,
one can differentiate (13) by t to obtain the following
equation
K444
K
+ 3
K4K44
K2
− 4K
3
4
K3
− 4K4ǫ
K3
− κdV
dt
= 0. (16)
This equation can be rewritten as
K444
K
− 3K4K44
K2
+
2K34
K3
+
2K4ǫ
K3
− (17)
−6K4
K
(
−K44
K
+
K24
K2
+
ǫ
K2
)
− κdV
dt
= 0. (18)
Now one can use two consequences of the Einstein’s
equations (13) and (14):
• the sum of Einstein’s equations (13) and (14),
firstly
κφ24 =
2
K2
{−KK44 +K24 + ǫ}, (19)
• and, secondly, the derivative by time t from the
relation (19)
κφ44φ4 = ∂4{−K44
K
+
K24
K2
+
ǫ
K2
} (20)
Inserting left hand side of (19) and (20) into (17) and
using dVdt =
dV
dφ φ4 , we can divide the equations (17) by
φ4 6= 0. As the result one obtains the equation for the
scalar field (15).
The following analysis will be used just for Ein-
stein’s equations (13) and (14), which can be reduced
to the form where the functions V (t) ≡ V (φ(t)) and
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φ(t) are expressed through the function K(t) and their
derivatives [18]:
V (t) =
1
κ
(
Λ +
K44
K
+
2K24
K2
+
2ǫ
K2
)
, (21)
φ(t) = ±
√
2
κ
∫ (√
−d
2 lnK
dt2
+
ǫ
K2
)
dt. (22)
By giving the rate of the expansion as the function
for a scale factor on time K = K(t) , we can find the
functions φ(t) V (t) which are necessary for chosen
type of the Universe’s evolution. It is obvious, that
the pair of the function (21) and (22) gives the para-
metric dependence V = V (φ). In some cases, after
calculation of the right hand sides in (21), (22), it is
possible to find the explicit dependence V = V (φ) by
eliminating t .
4. The inflationary solutions
The exact solutions for exponential and power law type
of inflation in the framework of ‘fine turning of the
potential’ (FTP) method have been obtained in [17,
18, 22].
4.1. Power law inflation
To obtain the power law inflation let us start from the
suggestion that
K(t) = K0t
m, (23)
where m > 1.
The integral in the right hand side of (22) can be
calculated explicitly. Therefore we can find (m 6= 1)
V =
m
κt2
(
Λt2
m
− (3m− 1− 2αt−2m+2)
)
(24)
φ(t) = ±
√
1
2κ
m
1−m
{
2
√
1 + αt−2m+2 +
+ln
(√
1 + αt−2m+2 + 1√
1 + αt−2m+2 − 1
)}
+ φ0, (25)
where α = ǫK−20 /m .
In the case of the spatially-flat Universe (ǫ = 0)
the solution for arbitrary m has the form
φ = ±
√
2m/κ ln t+ φ0, (26)
V (t) = κ−1(Λ + (m+ 3m2)/t2). (27)
Eliminating t we find an exponential dependence V
on φ
V (φ) = κ−1{Λ+ (m+ 3m2)e−
√
2κm−1{φ−φ0}}, (28)
what is usually the definition of the power law inflation
[3].
In the case of open and closed Universe (ǫ 6= 0) it
is possible to find an explicit dependence V on φ just
for some values of m . For example, if m = 1 (in this
case the formulas (24) and (25) do not work)
V (φ) = Λ/κ+ κ−1 exp{− 2(φ− φ0)
±√2/κ√1 + εK−20 }. (29)
4.2. Exponential inflation
The case when the scale factor K(t) of the Universe
grows up very fast by the exponential type law have
been analysed in [14, 18]. Let us mention about the dif-
ferences in Barrow’s and ‘fine turning of the potential’
approaches. To find new exact solutions, in Barrow’s
method [14], one needs to take the scalar field as the
function of time φ = φ(t) and then to determine the
evolution of the expansion scale factor K(t) and the
potential V (φ(t)) from it. This approach was applied
in works [15],[16] as well. In ‘fine turning of the po-
tential’ method [17],[18] the exact solutions have been
obtained by taking, first, the scalar factor as the func-
tion of time K = K(t) and then determining the evo-
lution of the potential V = V (t) and the evolution
of a scalar field φ = φ(t), the dependence between V
and φ being, in general, parametric one. Thus we can
combine both of the methods, if we will put the metric
obtained by Barrow’s way as the seed solution in ‘fine
turning of the potential’. As an example of a synthe-
sis of both methods let us consider one of the exact
solutions obtained in [14].
We can choose the scalar factor of the Universe in
the form of the first class of exact solutions [14]:
K(t) = K0 · sinhA
2/2{2λt} (30)
where λ–constant.
This scalar factor (30) have been obtained for the
spatially flat FRW Universe in [14]. For this solution,
using (21)-(22), one can find
V (t) =
2ǫ
K20
[sinh 2λt]
−A2
+
+{Λ+ λ2A2 [(3A2 − 2) coth2 2λt+ 2]}, (31)
φ(t) =
∫ √
2A2λ2 − ǫ
K20
[sinh(2λt)]
2−A2 ±
√
2
κdt
sinh(2λt)
.(32)
It is easy to see from (31) that 2λ2A2 plays role an ef-
fective (positive) cosmological constant and when t→
∞, V (t) will approach to V (t)|ǫ=0 for open (ǫ = −1)
or closed (ǫ = 1) universes. The scalar field can be
calculated exactly when, for example, |A| = √2.
φ(t) = ±
√
2
κ
√
A2
2
− ǫ
4λ2K20
ln tanh(λt) +
+φ0 = A˜ ln tanh(λt) + φ0. (33)
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The dependence V = V (φ) can be presented as direct
one for open universe
V (φ) = Λ + 2λ2 + cosh2(
φ
A˜
)
[
2λ2 − 2
K20
]
. (34)
5. Conformally-flat solutions for
nonlinear scalar fields
Let us consider the case of the conformally-flat metric
dS2 = A{−(dx1)2 − (dx2)2 − (dx3)2 + (dx4)2} (35)
as an application of the method above. In (35) A =
A(x3, x4). The analogy of the formulas (21) and (22)
can be presented in the form
V (φ(x3, x4)) = κ−1
A33 −A44
2A2
, (36)
φ23 + φ
2
4 = κ
−1{−A33 +A44
A
+
3(A23 +A
2
4)
2A2
}. (37)
In special cases it is possible to reduce solutions (36)
and (37) to those ones obtained earlier. The construc-
tion of new solutions is also possible.
5.1. Cosmological and static solutions
Few examples will show the possibilities of the method.
• Let A = A0eH0η, η = x4. The solution is
V (φ(η)) = − H
2
0
κA0
e∓
√
2κφ, (38)
φ = ± H0√
2κ
η. (39)
• Let A = A0eH0z, z = x3. Then the solution is
V (φ(z)) =
H20
κA0
e∓
√
2κφ, (40)
φ = ± H0√
2κ
z. (41)
Both cases (38) and (40) correspond to Liouville-
type nonlinearity for the V (φ). These solutions
have been obtained in the work [9] by suggesting
the Liouville form of the potential V (φ). It is
clear that the cosmological solution (38)-(39) is
the same as (29) for m = 1, but calculated in
the conformal time η .
• Let A = eβ, where β = 1
2
c1η
2 + c2η + c3 . Then,
integrating (36)-(37), we can find
V (φ(η)) = −κ−1e−β{c1 + (c1η + c2)2}, (42)
φ(η) = ±
√
2√
κc1
(
1
2
η˜
√
η˜2 − c1−
− 1
2
c1 ln |η˜ +
√
η˜2 − c1|
)
, (43)
η˜ =
c1η + c2√
2
. (44)
• Let A = eβ, where β = 1
2
c1z
2+c2z+c3 . Because
of the symmetry of equations (36)-(37) by respect
of x3 and x4 (up to sign) one can find the static
analogy for the cosmological solutions (42)-(44)
by virtue of the substitution: η → z, V (φ(η))→
−V (φ(z)).
• Let A = eβ, where β = a1
12
η4 + a3. Then the
potential can be presented in the form
V (φ(η)) = −κ−1e−β{a1η2 + a
2
1
9
η6}. (45)
The expression for the scalar field reads
φ(η) = ± 3
2a1
√
2κ
{
1
2
η˜
√
η˜2 − c1−
− 1
2
c1 ln |η˜ +
√
η˜2 − c1|
}
, (46)
η˜ =
a1η
2
3
(47)
• Let A = eβ, where β = a1
12
z4 + a3. The static
analogy can be obtained from the case above by
substituting: η → z, V (φ(η))→ −V (φ(z)).
It should be noted here that the list of analytical
solutions can be extended if one can solve (37)
for given gravitational field A(x3, x4).
5.2. Solitary wave solutions
Let A = A(θ), φ = φ(θ), where θ = z − u0η . That
is we are looking for solutions of a solitary wave type.
Equations (36)-(37) are reduced to
V (φ(θ)) = κ−1(1 − u20)
Aθθ
2A2
(48)
φ2θ = κ
−1{−Aθθ
A
+
3A2θ
2A2
}. (49)
Using the analogy of equations (48)-(49) to those ones
for cosmological and static solutions above we can con-
clude that all solutions presented in this section can be
obtained by virtue of the substitutions:
η → θ, V (φ(η)) → ±(1 − u20)−1V (φ(θ)). It is interest-
ing to note that, when u20 = 1, e.g. u
2
0 equal to the
speed of light, the potential disappears.
5.3. The massive scalar field
The massive scalar field can be considered as the sim-
plest chaotic inflationary model [2]. The analysis of
the chaotic inflation scenario has been based on the
asymptotic solution, when m ≪ 1, φ ≫ 1. To find
the exact solutions in the framework of general rela-
tivity with the massive scalar field is the long standing
problem. To understand the reason of this fact we can
insert the potential
V (φ) = 1
2
m2φ2 (50)
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in the general formulas (36)-(37). After simple manip-
ulations with (36)-(37), using (50), it is possible to find
the test equation for exact solutions of self-gravitating
massive scalar field in the conformally-flat spaces (35)
in the form:
1
2m2
{[A44
2A2
]4}2 + A44
2A2
{3
2
A24
A2
− A44
A
} = 0. (51)
Unfortunately the solution of the form A = A0η
−2
leads to φ = const and can be identified with solutions
for gravitational vacuum with V (φ) = const = Λ. Any
other solution of test equation (51) by respect of A(x4)
solves the problem of exact solutions for massive scalar
field in standard inflationary model.
The complications of the third order non-linear dif-
ferential equation (51) are the reason of impossibility to
find the exact solutions in standard inflationary model.
Nevertheless it is possible to calculate by virtue of nu-
merical study the divergence an asymptotic and nu-
merical solutions from the exact one.
6. Conclusions
This review article are devoted to better understand-
ing the gravitational field of the very early Universe.
We have presented three most important sources of
the gravitation: self-interacting scalar field, chiral field
and gauge field. The correspondence between all of
them are considered. In this contribution more atten-
tion have been payed to nonlinear scalar field source
of gravity. The progress in finding the exact solutions
in inflationary universe is reviewed. The basic idea
of ‘fine turning of the potential’ method is discussed
and computational background is presented in details.
A set of new exact solutions for standard inflationary
model and conformally-flat space-times are obtained.
Special attention payed to relations between ‘fine turn-
ing of the potential’ and Barrow’s [14] approaches. As
the example of a synthesis of both methods new exact
solution is obtained.
The analogous presentation of chiral and gauge
fields will appear in future publications.
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